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Abstract:--The object of the present paper is to generalize Since the publication of [15], paracontact metric
T-curvature tensor of para-Kenmotsu manifold with the help manifolds have been studied by many authors in recent
of a new generalized (0,2) Symmetric tensor Z introduced by years. The importance of para_Kenmotsu geometry’ have

Mantica and Suh [7]. It is shown that a generalized

. . . A been pointed out especially in the last years by several
T¢ -symmetric para-Kenmotsu manifold is an Einstein

papers highlighting the exchanges with the theory of

manifold. .. . . . I .
AMS Mathematics Subject Classification (2020): 53C15, para-K d hler manlfolds_ and |ts_role in semi-Riemannian
53C25. geometry and mathematical physics [3, 5, 6, 11, 8].
Tripathi and Gupta [14] had developed the notion of
Keywords and phrases:-- T -curvature tensor, T-curvature tensor in pseudo-Riemannian manifolds. They
para-Kenmotsu manifold, Einstein manifold, n -Einstein defined T-curvature tensor as follows.

manifold, Generalized T-curvature tensor. Lo . . . .
Definition 1.1 In a n-dimensional pseudo-Riemannian

I.  INTRODUCTION manifold (M, g), a T-curvature tensor is a tensor of type

. . (1,3) defined by
Several years ago, the notion of paracontact metric

structures were introduced in [4].

T(X,Y,Z) = coR(X,Y,Z) +c;S(Y,2)X + c,S(X, Z)Y

+c3SX,Y)Z 4+ c,9(Y, 2)QX + cs9(X, Z)QY 1.1)
+eeg (X, Y)QZ +1ey[g(Y, 2)X — g(X, Z)Y],
where X,Y,Z € X(M) ; ¢y, ¢1,C3,C3,C4,C5,Cq,C7 @I T -curvature tensor reduces to many other curvature
smooth functions on M,S,Q,R,r,g are respectively the tensors for different values of ¢, ¢y, ¢y, ¢3, ¢4, Cs, Cg, C7.

Ricci tensor, Ricci operator, curvature tensor, scalar

curvature and pseudo-Riemannian metric tensor. Definition 1.3 A 7 -curvature tensor of type (0.4) is

defined by
Definition 1.2 The Riemannian curvature tensor R of type

(0,4) on M is a quadri-linear mapping R: X(M) X ¥(M) x

XM) x X(M) — C*(M) defined by 'R(XY,Z W)=

g(RX,Y,Z),W) forany X,Y,Z, W € X(M)

'TX,Y,Z,W) = ¢,'RX,Y,Z,W) +c;SY,Z)g(X, W) + ¢,S(X,Z)g(Y,W)
+c3SX,V)gUZ W) +cug(Y, Z2)S(X, W) + c5g(X,2)S(Y, W)

1.2

+eg(X,Y)S(Z,W) +1e7[g(Y, Z)g(X, W) — g(X,Z)g (Y, W)], t2
where X,Y,Z € X(M), R is the Riemannian curvature After preliminaries on para-Kenmotsu manifold in
tensor, S is the Ricci tensor, g is the pseudo-Riemannian section 2, we describe briefly the generalized T curvature
metric tensor and 'T(X,Y,Z, W) = g(T(X,Y,Z),W). tensor on para-Kenmotsu manifold in section 3 and also we
In this paper, we consider the generalized 7 curvature study some properties of generalized T curvature tensor in
tensor of para-Kenmotsu manifolds and study some para-Kenmotsu manifold. The last section is devoted to the
properties of generalized T curvature tensor. The study of the generalized T'¢ -symmetric para-Kenmotsu

organisation of the paper is as follows: manifold is an Einstein manifold.
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Il.  PRELIMINARIES An n-dimensional differentiable manifold M™ is said to
The notion of an almost para-contact manifold was have almost para-contact structure (¢,¢,7), where ¢ is a
introduced by 1. Sato [10]. tensor field of type (1,1), & is a vector field known as

characteristic vector field and 7 is a 1-form satisfying the
following relations

P*(X) = X —n(X)§, 2.1)
n(@Xx) =0, (2.2)
$E) =0, (2.3)
and
n) =1 (2.4)

A differentiable manifold with almost para-contact structure (¢, &,n) is called an almost para-contact manifold. Further, if
the manifold M™ has a semi-Riemannian metric g satisfying

nX) =gX,$) (2.5)

g(@X,dY) = —g(X,Y) + n(Xn(Y). (2.6)

Then the structure (¢, &, 7, g) satisfying conditions (2.1) to (2.6) is called an almost para-contact Riemannian structure
and the manifold M™ with such a structure is called an almost para-contact Riemannian manifold [1, 10].
On a para-Kenmotsu manifold [2, 11, 9], the following relations hold:

and

(VxP)Y = g(¢X,Y)§ —n(Y)9X, 2.7)
Uy =X —n(X), (2.8)
(VxmY = g(X,Y) = n(XOn(¥), (2.9)
n(RX,Y,2)) = g(X,Z2n(¥) — g (¥, Z)n(X), (2.10)
R(X,Y,§) = n(X)Y —n(V)X, (2.12)
R(X,§,Y) = —R(§,X,Y) = g(X,Y)§ —n(YV)X, (212)
S(@X,9Y) = —(n — Dg(¢X, pY), (2.13)
S5X,8) = —(n - nX), (2.14)
Q¢ =—-(n—-1)%, (2.15)
r=-nn-1), (2.16)
For any vector fields X,Y,Z , where Q is the Ricci A para-Kenmotsu manifold is said to be 7-Einstein if its
operator that is g(QX,Y) = S(X,Y), S is the Ricci tensor Ricci tensor S is of the form

and r is the scalar curvature.
In [2], Blaga has given an example on para-Kenmotsu S(X,Y) = ag(X,¥) + bn(X)n(¥),
manifold: For arbitrary vector fields X and Y, where a and b are
smooth functions on M™.
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I1l. GENERALIZED T-CURVATURE TENSOR OF various geometric properties of it.
PARA-KENMOTSU MANIFOLD The T-curvature tensor is defined by Tripathi and Gupta

In this section, we give a brief account of generalized
T -curvature tensor of para-Kenmotsu manifold and studied
T(X,Y,Z) = coR(X,Y,Z)+ c;S(Y,2)X + ¢,S(X,Z)Y
+c3S(X,Y)Z + c4g(Y,Z)QX + cs9(X, Z)QY (3.1)
+ceg(X,Y)QZ +1rcy[g(Y,Z2)X — g(X, Z)Y],
such a tensor field T is known as T'-curvature tensor.
Also, the type (0,4) tensor field ‘T is given by

TX,Y,Z,W) = ¢o'R(X,Y,Z, W)+ c;SY,Z2)g(X, W) + ¢,S(X,2)g(Y, W)
+03S(X,Y)g(Z, W) + cag(Y, Z)S(X, W) + csg(X, Z)S(Y, W)

(3.2)
+eeg (X, Y)S(Z, W) +1¢;[g(Y, Z)g(X, W) — g(X,Z)g (Y, W)],
where
"TX,Y,Z,W) = g(T(X,Y,Z),W)
and
'R(X,Y,Z,W) = g(R(X,Y,Z),W)
for the arbitrary vector fields X,Y,Z, W.
Differentiating covariantly equation (3.1) with respect to P, we get
(V)X Y)Z) = ¢o(VpR)(X,Y)Z) + c1(VpS)(Y, Z)X + ¢2(VpS)(X, 2)Y
+¢3(VpS) (X, V)Z + c4g(Y, Z) (Vo Q)X (33)

+esg(X, Z)(VpQ)Y +csg(X,Y)(VpQ)Z
+dr(P)c;[g(Y,2)X — g(X, Z)Y].
A new generalized (0,2) symmetric tensor Z is defined by Mantica and Suh [7]

ZX,Y)=SXY)+ygX,Y), (3.4)
where ) is an arbitrary scalar function.

From equation (3.4), we have

Z(pX,9Y) = S(9X, PY) + g (9X, ¢Y), (3.5)
which on using equations (2.6) and (2.13), gives
Z(@X,¢Y) = [ — (n — D][-g(X,Y) + n(On(¥)]. (3.6)

From equation (3.4) in (3.2) equation reduces to

'TX,Y,ZW) = ¢o'RIX,Y,ZW)+c,Z2(Y,2)g(X, W) + c,Z2(X,Z)g(Y,W)
+c3Z2(X,Y)g(Z, W) +c,g(Y,2)Z(X, W) + c59(X,2)Z(Y, W)
+cg (X, Y)Z(Z,W) +re[g(Y, 2)g(X, W) — g(X,Z)g(Y, W)] 3.7
—PlagY, 2)gX, W) + 29X, Z2)g(Y, W) + c39(X,Y)g(Z, W)
+c9(Y, 2)gX, W) + ¢csg(X, Z)g(Y, W) + ¢ g(X,Y)g(Z, W)].
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Let
"T*X,Y,Z,W) = ¢,'RIX,Y,Z,W) +c,Z(Y,2)g(X,W) + ¢, Z(X,Z)g(Y,W)
+03Z2(X,Y)g(Z, W) +cyg(Y,Z2)Z(X, W) + c5g(X,2)Z(Y, W)

38
teeg (X, Y)Z(Z,W) +1e7[g(Y,2)g(X, W) — g(X,Z)g (Y, W)], ¢

In the above equation, we get

"THX,Y,Z,W) = 'TX,Y,ZW) +Y[cig(Y,2)g(X, W) + c,9(X,Z)g(Y, W)
+c39g(X,Y)g(Z, W) +cag(Y,Z2)g(X, W) + cs9(X, Z)g (Y, W) (3.9)
+ceg (X, Y)g(Z, W)].

Thus 'T* defined in equation (3.8) is called generalized - curvature tensor of para-Kenmotsu manifold.

If ¥=0, then from egauation (3.9), we have

"THX,Y,Z,W) = 'T(X,Y,Z,W). (3.10)
Lemma 1 If the scalar function { vanishes on + skew symmetric in first two slots.
para-Kenmotsu manifold, then the - curvature tensor and  skew symmetric in last two slots.
generalized T-curvature tensor are identicle. « symmetric in pair of slots.
Lemma 2 Generalized T -curvature tensor of PI’OpOSitiOﬂ 1 Generalized T -curvature tensor Of
para-Kenmotsu manifold satisfies Bianchi’s first identity. para-Kenmotsu manifold satisfies the following identities:

Remark 1 Generalized T -curvature tensor 'T* of
para-Kenmotsu manifold is

(@T*E,Y,2) ==T"(Y,§,2) = @)Y —g(¥,2)¢] +cr[SY,2) +Yg(¥,2)]§
Ten@Y[Y — (= D] +esn(V)Z[Y — (n = 1]
+eag(V, 2)$[Y — (n — D] + csn(2)[QY + Y]
+een(NIQZ +Z] +rer[g(Y, 2)§ —n(2)Y],

(DT X, Y,8) = coMXY —n(X] +cin(NX[Y — (n - 1)]
+enXY[Y — (n = D]+ c[g(X, V)P + X, V)E
+ean(MPX + QX] + csn(X)[YY + QY]
+eeg (X, Y)Y — (n = D] +re7[n(N)X —n(X)Y],

© n(T X Y,2) =clgX,2)m¥)—gZ Y)nX]+cnX)[gZ )Y + S(Z, V)]
+e;n(M[g(Z, XY + S(Z, X)] + czn(Z)[g (Y, X)P + S(¥, X)]
+enX) g, DY — (n— D] + csn(N)gX, 2) [ — (n — 1)]
+een(Z2)g X, V[P — (n— D] +re;[g(Y, ZIn(X) — g(Z, X)n(¥)].

(3.12)

(3.12)

(3.13)

IV. GENERALIZED T'¢-SYMMETRIC PARA-KENMOTSU MANIFOLD
Definition 4.1 A para-Kenmotsu manifold M™ is said to be locally ¢-symmetric if

for all vector fields X,Y, U, P orthogonal to ¢.
This notion was introduced by Takahashi for Sasakian manifold [12].

Definition 4.2 A para-Kenmotsu manifold is said to be ¢-symmetric if
¢*((VpR)(X,Y,U)) = 0, (4.2)
8
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For arbitrary vector fields X,Y, U, P.
This notion was also introduced by Takahashi for Sasakian manifold [13]. Also analogous to these definitons, we define

Definition 4.3 A para-Kenmotsu manifold M™ is said to be generalized T locally ¢-symmetric para-Kenmotsu manifold if
P*((VpT)K,Y,U)) =0, (4.3)
for all vector fields X,Y,U, P orthogonal to ¢.
And also
Definition 4.4 A para-Kenmotsu manifold M" is said to be generalized T ¢-symmetric para-Kenmotsu manifold if
¢*((VpTH(X,Y,U)) =0, (4.4)
for arbitary vector fields X,Y, U, P.
Theorem 4.1 A generalized T ¢-symmetric para Kenmotsu manifold is an Einstein manifold.
Proof. Taking covariant derivative of equation (3.9) with respect to vector field P, we obtain
(VpTHX,Y,Z) = (VpT)X,Y,Z) +dr(¥)[c1g(Y,2)X

+0,9(X,2)Y +c39(X,Y)Z + c4g(Y,2)X (4.5)
+csg(X,2)Y + cog(X,Y)Z],

Using equation (3.3) in the above equation, we yields

(VpTHYKX,Y,Z) = co(VpR)X,Y,Z) + 1 (VpS)(Y, 2)X + c,(VpS)(X, Z)Y
+c3(VpS)X,Y)Z + c,9(Y, Z)(VpQ)X + c59(X, Z)(VpQ)Y
+ceg (X, Y)(VpQ)Z + dr(P)c;[g(Y, 2)X — g(X, Z)Y] (4.6)
+dr(W)[ci1g(Y,2)X + +c,9(X, 2)Y + c39(X,Y)Z + c,g(Y,Z)X
+csg(X, 2)Y + ceg(X,Y)Z],
Assume that the manifold is generalized T ¢-symmetric, then from equation (4.4), we have
¢*((VpT)(X,Y,2)) = 0,
which on using equation (2.1), gives
(VpTH)X, Y, Z) = n(VpT)(X,Y,Z))S. (4.7)
Using equation (4.6) in above equation, we get
co(VpR)(X, Y, Z) + ¢ (VpS)(Y, 2)X + ¢ (VpS)(X, Z)Y
+¢3(VpS) (X, V)Z + c4g (Y, 2) (Vo Q)X + cs9(X, Z) (V, Q)Y
+c6g (X, V)(VpQ)Z + dr(P)c; [g(Y, 2)X — g(X, Z)Y] + dr()[c; g (Y, Z)X
+c,9(X,2)Y + 39X, Y)Z +c,g(Y,2)X + c59(X, 2)Y + ccg(X,Y)Z]
=n((VpR)(X,Y,2))¢ + c1(VpS)(Y, Z)n(X)§ + c2(VpS)(X, Z)n(Y)E
+c3(VpS)X, YIN(Z)E + cag (Y, Z)n((Ve@IN(X)E + c59(X, Z)
n((Vp@Q)In(¥)E + ceg (X, YIn((Vp Q)N (Z)E + dr(P)c;
&+ dr()[eig (Y, 2)n(X)
+09(X, Z)n(Y) + c39g(X,YIn(Z) + cag (Y, Z)n(X)
+esg(X, Z)n(Y) + ceg (X, YIn(Z)]
Taking inner product of the above equation with V', we get

(4.8)
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g ((VpRY(X,Y,2),V) + ¢t (VpS)Y, 2)g(X, V) + 2 (VpS)(X, Z)g (¥, V)
+c3(VpS) (X, Y)g(Z, V) + c4g(Y, 2)g(VpQ)X, V) + c59(X, Z)g(VpQ)Y, V)
+c6g(X,Y)g((VpQ)Z,V)) + dr(P)c;[g(Y,Z2)g(X,V) — g(X,Z)g(Y, V)]
+dr(P)[c1g(Y,Z2)g(X, V) + c29(X, 2)g(Y,V) + c39(X,Y)g(Z,V) + ¢c4g (Y, 2)
IXV)+esg(X,2)g(Y, V) +ceg(X,Y)g(Z, V)] = n((VpR)(X, Y, Z))n(V)
+c1(VpS)(Y, Z2)nXn(V) + c2(VpS)(X, ZIn(YIn(V) + c3(VpS)(X, Y) (4.9
n@2nWV) + c,9Y, ZIn((VpQn(X)n(V) + csg(X, Z)n((Vp @) (YIn(V)
+c6g (X, YIn((Vp@)n(Z)n(V) + dr(P)c;[g (Y, Zn(X)n(V) — 9(X, Z)
n@n)] + dr@)c1g(Y, ZnXmV) + 29X, Z)n(¥)n(V)

+c39(X, YIn(@Zn(V) + cag (Y, ZIn(Xn(V) + csg(X, Z)n(Y)n(V)
+c6g(X,YIn(Z)n(V)]

Putting X =V = ¢; and taking summation over i, we obtaion

[co + ey + e + c3](VpS)(Y, Z) + cag (Y, Z2)g((VpQ)e;, €))

+cs9((VpQ)Y, Z) + cg((VpQ)Z,Y) + dr(P)c;[ng(Y, Z) —n(Y)n(Z)]

+dr()[n(e; +c)9(Y,Z) + (cz + ¢c3 + ¢5 + ce)n(YIn(2)]

—n((VpR) (e, Y, Z))n(e;) — c1(VpS)(Y, Z) — c2(VpS) (e, Z)n(Y) (4.10)
—c3(VpS) (e, YIN(Z) — cag (Y, Z)n((VpQ)) — csn(YIn(Z)n((VpQ))

—cen(YIn(Z)n((VpQ)) — dr(P)e;[9(Y, Z) —n(Y)In(Z)]

—dr()[(c; + c)g(Y,Z) + (¢ + c3 + ¢5 + c)n(YIn(2)] = 0,

Taking Z = £ in the above equation, we have

[(n—D)ey + 3+ ¢ + ] (VpS)(Y,€) +cag((VpQ)e, e))n(Y)
+esn((VpQ)Y) + ¢con((VpQ)Y) + dr(P)c;(n — D)n(Y)
+dr(W)n(Y)[n(er + c)] —n((VpR) (e, Y, §)In(e;)
—c,(VpS) (e, M(Y) — c3(VpS) (e, Y)

—cn((Vp@)n(Y) — esn((Vp@Q)In(Y) — cen((Vp@)n(Y)
—dr()n(Y)(c; +¢c4) = 0.

(4.11)

Now
A n((VeR) (e, Y, $)n(e) = g((VpR)(e;, Y, ), $)g (e &) (4.12)
S0
g((VpR)(e;,Y,$),8) = g(VpR(e,Y,$),8) — g(R(Vpe;,Y,$),$) (4.13)
—9(R(e;,VpY,$),§) — g(R(e, Y, Vp$),$). '
Since {e;} is an orthonormal basis, so Vye; = 0 and using equation (2.11), we get
9g(R(e;,VpY,$),$) =0,
As
g(R(ei' Y' f)' f) + g(R(é" 6' Y)’ ei) = 0:
We have
g(VPR(ei' Y' 5)' f) + g(R(ei' Y' f)' VPE) = 0:
Using this fact, we get
g9((VpR)(e;,Y,$),8) = 0. (4.14)
Using equation (4.14) in (4.11), we have
[(m—1Der + 3+ +l(VpH(X,8) = (1 —n)edr(P)n(Y) (4.15)

—(1 =n)(e + c)dr@n(¥),
9
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Taking Y = £ in above equation and using equations (2.4) and (2.14), we get

dr() = |
which shows that r is constant. Now we have
(VpS)(Y, &) = VpS(Y,$) = S(VpY, &) = S(Y,VpS),
Then by using (2.8), (2.9), (2.14) in the above equation, it follows that
(VpS)(Y,§) =—=S(Y,P) —(n—1)g(¥,P). (4.17)
So from equation (4.15), (4.16) and (4.17), This shows that
SY,P)=—mn—-1g(v,P),

if [(n—1)cy + c3 + ¢, + co] # 0, which shows that M™ is an Einstein manifold.

| ar(p), (4.16)

c
c1+cy
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