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Abstract - In this paper, an optimal model is proposed for 

least square approximation (LSA) based on linear approach. 

This model comprises with the characteristics of Woodbury 

matrix identity (WMI). WMI is based on square and 

invertible matrices. The input for WMI is two square and 

invertible matrices and the output is two corresponding 

matrices hold the identity. This is referred as WMI. The 

application of this WMI is presented in this paper as LSA. 

The proposed WMI-LSA model follows the trace 

representation of LSA under the WMI linear correspondence. 

The sketch of this model as follows: Given the linear equation 

contained the parameters as input and output, there are some 

unknown parameters also as the coefficients, there is the 

objective function to be minimized. The existed LSA model 

provides either efficiency or security but this compact model 

has dual characteristics as efficiency and security 

simultaneously. The proposed model has the short algorithm 

steps for fast application. The small keys and compact 

formula provide the compact advantage for applying it in 

modern AI applications. This model has the following 

application: artificial intelligence (AI), machine learning 

(ML), medicine etc.  

 

Keywords--LSA, WMI, Matrix, Trace Representation, AI, 

ML. 

I. INTRODUCTION  

This paper proposes the optimal least square 
approximation based on Woodbury matrix identity. This 
optimality is possible by Matrix-Trace approach. The 

proposed model provides the security and efficiency both in 
context to its application. The proposed algorithm is 
followed compact and error-correcting based approach for 
fast and errorless performance. Speed by trace 
representation and efficiency by WMI are the two key 
novelty and significance of the proposed WMI-Trace 

Representation based LSA model in comparison with 
existing AI least-squares and Woodbury Matrix Identity 
based approaches. These AI based compact matrix schemes 
achieves the modern security and efficiency standards. 

Whenever required any estimation to plan the project for 
its effective completion as the optimal and probable 

errorless output, the LSA exists. Artificial intelligence, 
machine learning, whether forecasting, diagnosis, medicine 
etc. are some key examples of LSA.  

Majorly, there are two classes of such approximations; 
linear and non-linear. Although both carries the unique 
advantage, but non-linear approximation follows the non-

trivial algorithms but the linear approximation lies with 
trivial and compact algorithms.  

This paper presents the linear LSA models. In 1986, 
Antoulas et al. [1] studied the interpolation problem based 
on scalar rational function. The literatures [2, 3, 9, 13, 19, 
23] present the foundation of approximation and its discrete 

applications. In literature [2], the foundation of LSA is 
given.  

The elementary to advance LSA is explained nicely. The 
literature [3] focuses on the application of LSA. There are 
several methods exist for applying into LSA. The 
illustration is also presented in lucid way. The literature [9] 

approaches the multidimensional meachanism on LSA 
based generalizations. In literature [13] compact algorithms 
are illustrated using discrete structures of the existed 
algorithms.  

There are pre-LSA and post-LSA applications given in 
literature [19]. The literature [13] sets the parameters for 

generalizing the optimality of LSA. In 2002, Chahlaoui [4] 
published the results on time reduction model through the 
minimized linear regression model. Demmel [5] observed 
the decomposition varieties in structured matrices in 2000.  

In 2015, a result on quadrature approximation is 
published by Drmac et al. [6]. Edelman et al. [7] illustrated 

the approximation over orthogonality constraints in 1998. 
Ellacott [8] derived a discrete result on complex plane for 
generating linear approximation over rational points. Golub 
et al. [8] presented an innovative linear approximation 
results based on pseudo-inverse approach on derivatives.  

Gustavsen [11, 12] studied the vector fitting for 

generalizing pole relocation. In 2006, Hendrickx et al. [14] 
established an innovative vector fitting technique carried 
the rational frequency domain for non linear 
approximation. In 2018, Hokanson et al. [15] presented a 
model as the non linear least square approximation.  

Ionit [16] proposed an optimal system for approximating 

the large scale dynamical system in 2013. Same year, 
Lefteriu et al. [17] generalized the vector fitting method 
through its convergence testing.  
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The problem function is presented in the next section. 

Problem Function: Let the linear equation be, 

,...)...1( 22110 nn XaXaXaaY ++++=  

Where, Y is the output, X is the input and 

naaa ,...,, 10 are the unknown coefficients. 

There are two objectives:  

Objective 1: Given: .,...,, 10 naaa  

To estimate: .,...,,, 210 neeee  

Applied function: One-to-one correspondence as follows: 

..

10

10

n

n

eee

aaa


 

Objective 2: Given: .,YX  

To estimate: '.Y  

Applied function: The optimal objective function as 

follows: 

.'min
2,..., 10

YY
naaa

−
 

Where,  

....')...2( 22110 nn XeXeXeeY ++++=  

Next, WMI is presented. 

WMI: This is a lemma stated as follows: 

WMI Lemma: The identity is, 

( ) ( ) .)...3( 1111111 −−−−−−−
+−=+ VAUVACAAUCVA  

Where,  

.,,, nmmnmmnn RVRURCRA    

Next, WMI application is presented for LSA. 

WMI based LSA: The result of an optimal LSA is obtained 

over the generalization of WMI presented as follows: 

Theorem: WMI corresponds with trace (LSA) 

representation. 

Proof: From WMI lemma, 

( ) ( ) .1111111 −−−−−−−
+−=+ VAUVACAAUCVA

Where,  
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The trace representation of the matrices A, C, U, V is 

presented as follows: 
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These trace repetitions follow the properties of 
invariance under transpose, linearity, cyclic property and 

sum of eigenvalues. Beginning with the invariance 

property, 
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The LSA problem:  

..... 22110 nn XaXaXaaY ++++=  

The linear combination of eigenvalues is represented as 

the trace of the matrix. Thus, the trace (LSA) is represented 

as follows: 

( ) ( ).,...,,,...,, 1010 nnaaa   

Thus,  

..... 22110 nn XXXY  ++++=  

The following correspondence exists, 
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( )( ) '.111111 YVAUVACAA +− −−−−−−

 

This implies that, 
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This completes the proof. 

Next WMI-LSA model is presented. 

WMI-LSA Model: The algorithm as follows: 

1. Input:  

LSA: ..... 22110 nn XaXaXaaY ++++=  

WMI: 

( ) ( ) .1111111 −−−−−−−
+−=+ VAUVACAAUCVA

 

2. Trace Representation:  
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3. Processing by theorem (4.1):  
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4. Output:  
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Next, the flow chart of the WMI-LSA model is 
presented: 
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Flow Chart of the Proposed WMI-LSA Model:  

 

 
Figure 1.Flow Chart of WMI-LSA Model. 

Next, the experiment model is illustrated. 

WMI-LSA Proto Model: The proto model is presented with the input and output records as follows:  

1. Input: 

  

Start 

LSA: 
..... 22110 nn XaXaXaaY ++++=
 

WMI: 

( ) ( ) .1111111 −−−−−−−
+−=+ VAUVACAAUCVA

 

 )....()(:. 22110 nn XaXaXaaTrYTrLSA ++++=
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( )( ) '.111111 YVAUVACAA +− −−−−−−

 

....'. 22110 nn XeXeXeeY ++++=

 

End 
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2. Trace Representation:  
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The computational complexity of the proposed model is presented in next section.  

Computational Complexity: WMI-LSA model counts the point through the following vectors:  
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Each vector has the dimension for generating the security towards its computation over the matrix representation as follows:  
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Thus, the 1-1 correspondence is defined as follows: 
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The comparison between the proposed model and 

existed model is presented in next. 

Comparison between WMI-LSA Model and Existed Modern 
Model: The first comparison with minimization objective 
funct+ion based models, viz. OLS, WLS, AM etc. These 
models implies the keys over the closed form solution 
presented by, 

( ) ( ).ˆ 1
YXXX TT −

=
 

This CFS based approach is not sufficient for designing 

the secure model due to its trivial invertible conditions. The 
proposed model comprises with the WMI-trace mechanism 
for establishing smaller keys with 512-bit probable security 
under the following LSA-WMI doors: 

)....()(:. 22110 nn XaXaXaaTrYTrLSA ++++=
 

( )  ( ) .: 1111111 −−−−−−−
+−=+ VAUVACAATrUCVATrWMI

 
 

II. CONCLUSION  

The proposed WMI-LSA model is optimal and compact 
in the parameter of trace and linearity respectively. Any 
LSA can be transformed into an optimal WMI-LSA model 

through this model. The proposed LSA model has 
efficiency and security both characteristics simultaneously.  

The proposed model has the short algorithm steps for 
fast application. The small keys and compact formula 
provide the compact advantage for applying it in modern 
AI applications.The theorem on WSI-LSA correspondence 

sets the trace representation of problem statement which 
provides the eigenvalues for generating the equivalent 
objective function.  
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This minimized objective function is possible by the 
trace of the input linear function, where the sum of the 

diagonal elements of the matrices of the linear equations. 
There are several applications exit over this optimal WMI-
LSA model. There are several possibilities exist; AI-LSA, 
ML-LSA, AI-WMI, AI-WMI-LSA etc. The proposed fast 
algorithm sets the compact application in context to 
formulation and generalization both. Thus, the proposed 

dual WMI-LSA approach sets the compact and optimal 
approximation.  
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