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Abstract-- In this paper, we present a comparative study of 

six ranking techniques for the defuzzification of pentagonal 

fuzzy numbers in sequencing problems. We consider 

centroid/center-of-area ranking, weighted average ranking, 

integral value ranking, Yager-type ranking, signed distance 

ranking and α-cut based ranking. Two sequencing settings are 

considered: two-machine flow shop and three-machine flow 

shop. In each case a new numerical example with five jobs is 

worked out to determine whether the chosen ranking rule 

affects the final schedule. The fuzzy processing times are 

converted into crisp values and then used in Johnson-based 

sequencing procedures. For the symmetric data sets studied in 

this paper, all ranking methods produce the same crisp values 

and consequently the same optimal sequences, makespans and 

idle times. The results demonstrate the robustness of the 

proposed framework and its suitability for fuzzy scheduling 

applications in multi-machine environments. 

Keywords-- pentagonal fuzzy number, defuzzification, 
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I. INTRODUCTI ON 

In our real-life decision-making problems, viz., job 
sequencing problems and game theory replacement of 
items, it is sometimes required to make decisions 

where the values of parameters are ambiguous (i.e., the 
values of parameters are ambiguous (i.e., parameters 
involved). A sequencing problem involves determining 
the optimal sequence in which 'n' jobs should be 
performed by 'm' machines, considering various 
optimality criteria such as minimum elapsed time and 

minimum idle time. Generally, in job sequencing 
problems, the processing times are precisely valued. 
But in reality, it is observed that the processing times 
during the performance of the job are imprecise. To 
handle imprecision, fuzzy set theory plays an important 
role, as fuzzy sets are the best mathematical way to 

represent imprecision and vagueness. 
Uncertainty in processing times is common in 

manufacturing, assembly, and service operations. At the 
planning stage, exact values are often unavailable, and 
decision makers must rely on approximate or linguistic 
assessments.  

Fuzzy set theory provides a mathematically consistent 
means of modeling such imprecision, and fuzzy sequencing 
models have therefore become a significant area of 
operational research. 

A practical fuzzy sequencing model requires the 
conversion of fuzzy processing times into crisp values before 

conventional optimization methods can be used. This 
conversion, known as defuzzification or ranking, is not 
unique, and different ranking rules may produce different 
numerical outcomes. For this reason, a comparative 
examination of ranking methods is important both 
theoretically and practically. Pentagonal fuzzy numbers are 

particularly useful because they represent uncertainty 
through five ordered parameters, thereby providing a richer 
description than triangular or trapezoidal fuzzy numbers. 
However, to apply classical sequencing algorithms, these 
fuzzy processing times must be transformed into crisp values 
through a ranking or defuzzification procedure. Since 

defuzzification is not unique, the choice of ranking rules may 
affect the resulting schedule. 

The pentagonal fuzzy numbers are very suitable for this 
purpose, since they allow to represent uncertainty by a 
flexible five parameters structure. They provide a richer 
description of the lower, modal and upper ranges of an 

uncertain quantity compared with simpler fuzzy forms. 
However, the classical scheduling procedures can be applied 
only if the fuzzy processing times are transformed to crisp 
values by ranking or defuzzification.  

This paper extends the sequencing framework to a three-
machine flow shop problem. Besides formulating the model, 

the paper compares six ranking techniques to defuzzify the 
pentagonal fuzzy numbers and checks whether the choice of 
ranking rule influences the resulting schedule. A new 
numerical example is given to present the method in a clear 
and reproducible form.  

This paper presents a comparative study of six ranking 

techniques and applies them to two-machine and three-
machine flow shop problems. For each case, a numerical 
example is presented to check whether different ranking 
rules change the optimal order. The paper emphasises 
clarity, rigour and reproducibility. 
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II. PRELIMINARIES 

2.1 Fuzzy Concepts 

L.A. Zadeh advanced the fuzzy theory in 1965. The idea 
of fuzzy theory proposes a mathematical technique for 
dealing with imprecise concepts and problems that have 
many possible solutions. The notion of fuzzy mathematical 
programming on a general level was first proposed by 
Tanaka et al in the frame work of the fuzzy decision of 

Bellman and Zadeh. 

2.2 Fuzzy set 

Let 𝑋 be a universe of discourse. A fuzzy set 𝐴 on 𝑋 is 
defined by a membership function 

𝜇𝐴:𝑋 → [0,1]. 

Equivalently, 

𝐴 = {(𝑥, 𝜇𝐴(𝑥)):𝑥 ∈ 𝑋}. 

2.3 Fuzzy number 

A fuzzy number is a fuzzy set whose membership 
function is piecewise continuous, convex, and normal. 
Normality implies that at least one element in the support 

attains membership value 1. 

A which is a fuzzy set on the real line R, must satisfy the 
following conditions. 

(i) ( )0A x is piecewise continuous 

(ii) There exist at least one 0x R with ( )0A x =1 

(iii) A must be regular & convex 

2.4 Pentagonal fuzzy number 

A pentagonal fuzzy number is denoted by 

𝐴 = (𝑎1 ,𝑎2 ,𝑎3 ,𝑎4 ,𝑎5), 

where 

𝑎1 ≤ 𝑎2 ≤ 𝑎3 ≤ 𝑎4 ≤ 𝑎5. 

It is useful for representing uncertain processing times 

with a central core and gradual left and right spreads. 

A fuzzy number A on R is referred to as a pentagonal 
fuzzy number (PFN) or linear fuzzy number 

( )1 2 3 4 5, , , ,a a a a a , and its membership function ( )A x

has the following characteristic 
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2.5  -level set 

The  -level set of the fuzzy number a and b  is defined as the ordinary set ( ),L a b  for which the degree of their 

membership function exceeds the level  0,1  . 

( ) ( ) , , / , , 1, 2,.... , 1, 2,....m

A i jL a b a b R a b i m j n  =   = = . 

2.6 Arithmetic Operations 

Let ( )1 1 1 1 1, , , ,A a b c d e=  and ( )2 2 2 2 2, , , ,B a b c d e= are the two fuzzy numbers where 1 1 1 1 1a b c d e    and 

2 2 2 2 2a b c d e    then the arithmetic operations are defined as  
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(i) Addition 

( )1 2 1 2 1 2 1 2 1 2, , , ,A B a a b b c c d d e e+ = + + + + +  

(ii) Subtraction 

( )1 2 1 2 1 2 1 2 1 2, , , ,A B a e b d c c d b e a− = − − − − −  

(iii) Multiplication 

1 1 1 1 1* , , , ,
5 5 5 5 5

a b c d e
A B         

 
=  
 

 where ( )2 2 2 2 2a b c d e = + + + +  

(iv) Division 

1 1 1 1 15 5 5 5 5
, , , , 0

a b c d e
A B if 

    


    

 
 =  

 
 where ( )2 2 2 2 2a b c d e = + + + +  

(V) Scalar Multiplication 
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III. RANKING TECHNIQUES 

This section introduces the six ranking approaches to convert a pentagonal fuzzy number into a crisp representative value.  

3.1 Centroid / center-of-area method 

The centroid or center-of-area ranking is defined as 

𝑅𝐶𝑂𝐴(𝐴̃) =
𝑎1 + 2𝑎2 + 2𝑎3 + 2𝑎4 + 𝑎5

8
. 

This method emphasizes the middle region of the fuzzy number and is widely used because of its intuitive geometric 

interpretation. 

3.2 Weighted average ranking method 

The weighted average ranking method is given by 

𝑅𝑊𝐴(𝐴̃) =
𝑎1 + 2𝑎2 + 3𝑎3 + 2𝑎4 + 𝑎5

9
. 

It emphasizes the modal value and is suitable when the center of the fuzzy number is believed to be most representative.  

3.3 Integral value method 

The integral value method uses the average of all five parameters:  

𝑅𝐼𝑉(𝐴̃) =
𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5

5
. 

It is computationally simple and easy to implement. 
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3.4 Yager-type ranking approach 

A Yager-type ranking formula for pentagonal fuzzy numbers may be expressed as  

𝑅𝑌(𝐴) =
𝑎1 + 2𝑎2 + 3𝑎3 + 2𝑎4 + 𝑎5

9
. 

This rule reflects the relative importance of the core values and is closely related to weighted central tendency.  

3.5 Signed distance method 

The signed distance ranking is written as 

𝑅𝑆𝐷(𝐴̃) =
𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5

5
. 

It interprets the fuzzy number as a location on the real line and uses the average distance from the origin.  

3.6 𝛼-cut based ranking 

The 𝛼-cut based ranking used in this paper is 

𝑅𝛼(𝐴̃) =
𝑎1 + 4𝑎2 + 6𝑎3 + 4𝑎4 + 𝑎5

16
. 

This form gives substantial weight to the central region and is useful when a highly representative crisp value is required.  

IV. PROBLEM FORMULATI ON 

4.1 Two-machine sequencing model 

Consider 𝑛 jobs to be processed on two machines, 𝑀1 and 
𝑀2, in the order 𝑀1 → 𝑀2. Let the fuzzy processing time of 

job 𝐽𝑖 on machine 𝑀𝑗 be denoted by 𝑡𝑖𝑗, where each 𝑡𝑖𝑗 is a 

pentagonal fuzzy number. 
 
 
 

 
 

Processing of ‘n’ Jobs through 2 Machines  

Let there are ‘n’ jobs say A1, A2, . . . , An be processed 

through ‘2’ machines say M1, M2 in the Order M1M2. Let 
tij be the fuzzy processing time taken by ith job to be 
completed by jth Machine. The well-known Johnson 
method can be extended to this problem, then we find 
Optimal sequence, total elapsed time and Idle time on 
machines. The fuzzy time for the job machine for ‘n’ jobs 

and 2 machines is shown below. In this, fuzzy times are 
taken as pentagonal fuzzy number. 

Jobs Machine M1 Machine M2 

A1 t11 = (a11, b11, c11, d11, e11, f11) t12 = (a12, b12, c12, d12, e12, f12) 

A2 t21 = (a21, b21, c21, d21, e21, f21) t22 = (a22, b22, c22, d22, e22, f22) 

A3 t31 = (a31, b31, c31, d31, e31, f31) t32 = (a32, b32, c32, d32, e32, f32) 

A4 t41 = (a41, b41, c41, d41, e41, f41) t42 = (a42, b42, c42, d42, e21, f21) 

A5 t51 = (a51, b51, c51, d51, e51, f51) t21 = (a21, b21, c21, d21, e21, f21) 
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The objective is to find an optimal sequence with 
minimum total elapsed time. As the problem is fuzzy in the 

beginning, the processing times have to be first transformed 
into crisp values by using a ranking rule. Then Johnson’s 
algorithm is applied to the resulting deterministic two 
machine problem. 

4.2 Johnson’s rule 

The algorithm proceeds as follows: 

1. Identify the minimum processing time among all 
unscheduled jobs. 

2. If the smallest time is on 𝑀1, schedule the 
corresponding job at the beginning of the sequence. 

3. If the smallest time is on 𝑀2, schedule the 
corresponding job at the end of the sequence. 

4. Repeat the process until all jobs are assigned. 

4.3 Three-machine sequencing model 

We Consider 𝑛 jobs to be processed on three machines 

𝑀1, 𝑀2, and 𝑀3 in the order 𝑀1 → 𝑀2 → 𝑀3. 
The fuzzy processing times are initially represented by 

pentagonal fuzzy numbers and are first converted into crisp 
values through a selected ranking method. 

For the three-machine flow shop, Johnson’s reduction 
may be used when the standard reduction condition is 

satisfied. The original problem is transformed into a two-
machine equivalent by defining a specific relationship 

between the machines. 

𝐺𝑖 = 𝑀1𝑖 + 𝑀2𝑖, 𝐻𝑖 = 𝑀2𝑖 + 𝑀3𝑖. 

Johnson’s rule is then applied to the modified problem: 

• if the smaller of 𝐺𝑖 and 𝐻𝑖 is 𝐺𝑖, the job is placed as 

early as possible, 

• if the smaller value is 𝐻𝑖, the job is placed as late as 
possible. 

• The resulting sequence is used to compute completion 
times on all three machines, the makespan, and the 
idle times. 

V.   Numerical Example: Two-Machine Case 

Data is introduced for five jobs 𝐽1, 𝐽2, 𝐽3, 𝐽4, 𝐽5 processed 
on two machines. The fuzzy processing times are as shown 

in Table 1. 

Table 1. Fuzzy processing times 

Job              𝑀1             𝑀2 

𝐽1  (4,5,6,7,8) (12,13,14,15,16) 

𝐽2 (10,11,12,13,14) (3,4,5,6,7) 

𝐽3 (2,3,4,5,6) (15,16,17,18,19) 

𝐽4 (16,17,18,19,20) (8,9,10,11,12) 

𝐽5 (7,8,9,10,11) (5,6,7,8,9) 

5.1 Comparative defuzzification study 

The crisp values obtained by the six ranking methods are 
presented in Table 2. For this data set, all techniques produce 
the same numerical results. 

Table 2. Comparison of crisp values 

Job 𝑀1 

COA 

𝑀1 

WA 

𝑀1 

IV 

𝑀1 

Yager 

𝑀1 

SD 

𝑀1 

𝛼-cut 

𝑀2 

COA 

𝑀2 

WA 

𝑀2 

IV 

𝑀2 

Yager 

𝑀2 

SD 

𝑀2 

𝛼-cut 

𝐽1 6 6 6 6 6 6 14 14 14 14 14 14 

𝐽2 12 12 12 12 12 12 5 5 5 5 5 5 

𝐽3 4 4 4 4 4 4 17 17 17 17 17 17 

𝐽4 18 18 18 18 18 18 10 10 10 10 10 10 

𝐽5 9 9 9 9 9 9 7 7 7 7 7 7 



 
International Journal of Recent Development in Engineering and Technology 

Website: www.ijrdet.com (ISSN 2347-6435 (Online) Volume 15, Issue 07, July 2026) 

898 

The identical output arises because the fuzzy numbers are 
symmetrically structured. In such cases, different ranking 

rules tend to converge to the same representative value. 
 

5.2 Scheduling results 

By using the crisp values in Table 2 and applying 

Johnson’s algorithm, the optimal sequence is  

𝐽3 → 𝐽1 → 𝐽4 → 𝐽5 → 𝐽2 . 

Table 3. Optimal schedule 

Job 𝑀1 start 𝑀1 finish 𝑀2 start 𝑀2 finish 

𝐽3 0 4 4 21 

𝐽1 4 10 21 35 

𝐽4 10 28 35 45 

𝐽5 28 37 45 52 

𝐽2 37 49 52 57 

 

Hence, the total elapsed time is             57, 

the idle time on 𝑀1 is                              0, 

and the idle time on 𝑀2 is                       4. 

The comparative results reveal that for the selected data 
set the six ranking algorithms are equivalent in the numerical 
sense. This equivalence is not general, but results from the 

symmetric construction of the fuzzy numbers used in the 
example. In more irregular or asymmetric instances, the 
approaches may provide different crisp values and maybe 
different scheduling decisions. 

From an applied point of view, the study demonstrates 
that the selection of a ranking system should depend on the 
data structure and on the interpretation required by decision-

makers.  

Methods that concentrate on the core values are often 
preferable, if the modal area of the fuzzy number is regarded 
as the most dependable one. 

VI. NUMERICAL EXAMPLE : THREE-MACHINE CASE 

Consider an example of five jobs 𝐽1, 𝐽2, 𝐽3, 𝐽4, 𝐽5 processed 
on three machines. The fuzzy processing times are given in 
Table 1. 
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Table 1. Fuzzy processing times 

Job              𝑀1              𝑀2             𝑀3 

𝐽1 (4,5,6,7,8) (12,13,14,15,16) (6,7,8,9,10) 

𝐽2 (10,11,12,13,14) (3,4,5,6,7) (14,15,16,17,18) 

𝐽3 (2,3,4,5,6) (15,16,17,18,19) (9,10,11,12,13) 

𝐽4 (16,17,18,19,20) (8,9,10,11,12) (4,5,6,7,8) 

𝐽5 (7,8,9,10,11) (5,6,7,8,9) (11,12,13,14,15) 

 

6.1 Defuzzified values 

Using the six ranking techniques, the crisp processing 

times are obtained as shown in Table 2. 

Table 2. Crisp processing times after defuzzification 

Job 𝑀1 crisp 𝑀2 crisp 𝑀3 crisp 

𝐽1 6 14 8 

𝐽2 12 5 16 

𝐽3 4 17 11 

𝐽4 18 10 6 

𝐽5 9 7 13 

6.2 Reduced two-machine values 

From the reduction formula, 

𝐺𝑖 = 𝑀1𝑖 + 𝑀2𝑖, 𝐻𝑖 = 𝑀2𝑖 + 𝑀3𝑖, 

The reduced values are obtained in Table 3. 

Table 3. Reduced values for Johnson’s rule 

Job 𝐺𝑖 = 𝑀1𝑖 + 𝑀2𝑖 𝐻𝑖 = 𝑀2𝑖 + 𝑀3𝑖 

𝐽1 20 22 

𝐽2 17 21 

𝐽3 21 28 

𝐽4 28 16 

𝐽5 16 20 

Applying Johnson’s rule gives the optimal sequence  

𝐽5 → 𝐽2 → 𝐽1 → 𝐽3 → 𝐽4 . 

6.3 Scheduling table 

The job completion times for the selected sequence are 

shown in Table 4. 
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Table 4. Optimal schedule for the three-machine problem 

Job 𝑀1 start 𝑀1 finish 𝑀2 start 𝑀2 finish 𝑀3 start 𝑀3 finish 

𝐽5 0 9 9 16 16 29 

𝐽2 9 21 21 26 29 45 

𝐽1 21 27 27 41 45 53 

𝐽3 27 31 41 58 58 69 

𝐽4 31 49 58 68 69 75 

 

Thus, the makespan is 

Makespan = 75. 

The idle times are 

𝐼𝑀1
= 0, 𝐼𝑀2

= 19, 𝐼𝑀3
= 8. 

6.4 Comparative study 

Six ranking methods were compared in a comparative 
study on their behaviour.  

All methods delivered the same crisp processing times for 
the present data set. This is due to the fact that the example 
contains symmetric and equal distributed pentagonal fuzzy 
numbers. 

Table 5. Comparative ranking study  

Method Defuzzified value pattern Effect on sequence 

Centroid / center-of-area Identical crisp values across jobs No change 

Weighted average ranking Identical crisp values across jobs No change 

Integral value method Identical crisp values across jobs No change 

Yager-type ranking Identical crisp values across jobs No change 

Signed distance method Identical crisp values across jobs No change 

𝛼-cut based ranking Identical crisp values across jobs No change 
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The result shows that the choice of ranking method may 
not affect the final sequencing decision when the fuzzy 

numbers are symmetric. However, in more asymmetric or 
irregular cases, the sequence may be affected by the ranking 
rule since the crisp values are affected. Therefore, the 
comparative analysis gives a good basis for choosing a 
suitable defuzzification method depending on the structure 
of the fuzzy data. 

VII.  CONCLUSI ON 

This paper proposed a comparative study of six ranking 

techniques for the defuzzification of pentagonal fuzzy 
numbers in two and three machine sequencing problems. 
The applied ranking methods were centroid/center-of-area, 
weighted average, integral value, Yager-type, signed 
distance, and α-cut based. New numerical examples were 
developed for both machine settings and Johnson based 

procedures were used to obtain the optimal sequences, 
makespans and idle times. The results show that the ranking 
methods are numerically equivalent for the symmetric data 
studied here, and the final schedules are unchanged. This 
consistency shows the robustness of the approach and 
justifies its use for fuzzy sequencing analysis. Fuzzy 

sequencing problem is easy to understand and helps to 
formulate uncertainty decision makers in real life situation. 
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