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Abstract - The method presented here is new in the context
of channel scattering problems although the basis of the idea
is familiar in the water waves. Channel multipoles are
derived in the present paper. The method of constructing the
channel multipoles is presented here in a systematic manner
for deep water with ice-cover surface. When the ice-cover
condition reduces to free surface condition, the channel
multipoles exactly coincide with the channel multipoles for
water with free surface.
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1. INTRODUCTION

Problem concerning the hydrodynamic properties of a
vertical circular cylinder, immersed through the free
surface and extending part way to the bottom, situated in
the centre of a channel have been studied using linear
water wave theory (cf. Yeung and Sphaier (1989)). One
reason for interest in this problem is because of the need
to know how the side walls of a wave tank affect the
results of experiments on a relatively large model. Many
of the problems associated with the solution of such
problems can be explained with reference to much
simpler problems. A particular, and not unrealistic,
geometry that has received considerable attention in
recent years is that of a vertical circular cylinder, and
linear radiation and diffraction problems relating to such
an obstacle are now well understood, (cf. Linton and
Evans (1992)). Mclver and Bennet (1993) investigated
the scattering of water waves by axisymmetric bodies in
a channel by using the method of multipole for
constructing the channel multipoles.

The method presented here is new in the context of
channel scattering problems al- though the basis of the
idea is familiar in the water waves. For example, Ursell
(1950) solved the two-dimensional problem of scattering
by a submerged, circular cylinder by constructing the
solution from an infinite set of multipole potentials. Each
multipole individually satisfied all the conditions of the
problems except the boundary condition on the cylinder
surface.
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Ursell expressed the solution as a sum over the
multipoles, with unknown coefficients, and imposed the
final boundary condition to give an infinite system for
those coefficients which is readily solved by truncation.
Subsequently, Thorne (1953) derived a range of
multipoles in two and three-dimensions that allow the
straight- forward solution of many problems. Following
the procedure used by Thorne, ’Channel multipoles’ are
derived in the present paper. Each multipole is a singular
solution of the two-dimensional Helmholtz equation that
satisfies the boundary condition of no flow through the
walls and the radiation conditions of outgoing waves at
large distances along the channel. A restricted set of these
multipoles has already been used by Callan, Linton and
Evans (1991) and Mclver (1991) in constructing solutions
for waves trapped by a vertical cylinder on the centre line
of a channel.

Recently there is a considerable interest in the
mathematical investigation of ice-wave interaction
problems due to an increase in the scientific activities in
polar oceans. Instead of a free surface, a polar ocean in
covered by ice. The ice-cover is modelled as a thin
uniform sheet of ice of which still a smaller part is
immersed in water, and is composed of materials having
elastic properties. Already, quite a number researchers
have considered various types of water wave problems in
a polar ocean with an ice-cover modelled as a thin elastic
plate.

The method of constructing the channel multipoles is
presented here in a systematic manner for deep water with
ice-cover surface. When the ice-cover condition reduces
to free surface condition, the channel multipoles exactly
coincide with the channel multipoles for deep water with
free surface (cf. Mclver and Bennet (1993)).

II.

An infinite long channel of uniform depth 4 has
parallel walls a distance 2b apart. A cartesian
coordinates (x, y, z) are chosen with the origin in the
mean free surface and midway between the channel
walls such that x-axis is directed along the channel, (-0
< x < o) and the y-axis being measured vertically

FORMULATION OF THE PROBLEM
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upwards. A vertical circular cylinder of radius a extends
throughout the depth and has its axis at (x, z) = (0, d).
The relationship between polar coordinates (r, 8) and
cartesian coordinates is given by the equations

x=rcosf and z-d=rsinb. 2.1
A plane incident wave approaches the vertical
circular cylinder along the x-axis from x = —oco. The

incident wave parameters are: 4, wave amplitude; w,
wave frequency. With the usual assumptions of an
inviscid, incompressible fluid there exists a harmonic
velocity potential @ (x, y, z, t). It is further assumed that
all motion is time-harmonic and so assuming the linear
water wave theory of irrotational surface wave may be
described by a velocity potential

D(x,y,z,t) =
Acosh A(y + h) ;
R{-LICED pr(r et ) 22)

where A is the unique positive real root of the
dispersion equation

A(DA* + 1 — €K) sinh Ah — K cosh Ah = 0,
2.3)

where R indicates that the real part is to be taken, g is
gravitational acceleration and ¢, (x,z) is acomplex
Eh3
12(1-v?)p;1g
is the density of ice, p; is the density of

2
valued potential function, K = %, D =

p

= p_(;ho’ Po
water, Ko is the small thickness of the ice-cover and E, v
are the Young’s modulus and Poisson’s ratio of the ice.
The form of the potential has been chosen to satisfy the
linearized ice-cover condition

64-
D(sm+1—eK)py+Kp=0 on y=0 (24)
and the bottom condition
% -9 on y=-h (2.5

ay
The velocity potential @ (x,y, z,t) must satisfy
V2 =0 (2.6)

where V2
operator.

denotes the three-dimensional Laplace

On substituting the form (2.2), the complex-valued
function ¢ (x,z) may be seen to satisfy the Helmholtz
equation

(V2 =9>)¢pr =0 2.7

where y is the wave number component along the z-
direction.
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The incident wave is described by

¢, = et* = gihreosd = y® e in] (Ar)cosnf  (2.8)

(Abramowitz and Stegun (1965)) where
€=1 en=2 for nz=1 2.9)
and Jn is the Bessel function of first kind.

The total potential ¢ can be decomposed into two
parts as follows:

br=¢;,+¢

The potential ¢ describing the scattered wave field
will then satisfy the Helmholtz equation

8¢7 2
+azz+/1¢>

dx?
The conditions of no flow through the channel walls

(2.10)

in the fluid region (2.11)

0p _
P 0 on z=+=b (2.12)
and the cylinder surface,
¢ _ 3¢y _
5= on r=a, (2.13)

and the radiation condition specifying that the
scattered waves behave as outgoing as | x |—= oo.

The solution for ¢ is expressed in terms of channel
multipoles, derived in the following section.

I11.

The channel multipoles derived here are singular
solutions of the Helmholtz equation (2.11) that, by
construction, satisfy the conditions (2.12) on the channel
wall and the radiation condition. Each multipole is
singular at the point (x, z) = (0, d), that is at » = 0 where r
is a polar coordinate as defined in (2.1). Two sets of
multipoles are defined. The first, denoted by ¢n, have a
singular part H, (Ar) cos nf and the second, denoted by
Y,, have a singular part H,(Ar) sinnf. Here, H,
denotes the Hankel function of the first kind and order n.

The basis of the derivation is given by the integral
representation

1 (o]
=15

DERIVATION OF CHANNEL MULTIPOLES

3 —iAxt=yA(z-d) . . _q
H,(Ar)e"? £ CemsinTltgr s>,

(3.1)

where y = (12 - 1)V/2 = —j(1 — 2)/2 (c¢f. Twersky
(1962)) after a rotation of the axes through 7z/2. The
path of integration runs beneath the branch point at =
1 and above that at # = —1. Define 7 by

14
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cosht=t, sinht=vy (3.2)

By combining (3.1) with a similar expression where n
is replaced by -n and considering the cases of odd and
even n separately, it can be shown that

H,(Ar) cos nf = in: ffooo w coshnrt dt,
(3.3)
and
H,(Ar) sinnf = —sgn(z — d)
x &7 S Sinhndt, (3.4)

where the results
cos(2n sin~'t) = (—1)" cosh 2nr,

cos((Zn +1)sin™? t) = i(—1)"sinh(2n + 1),

sin(2nsin~!t) = —i(—1)" sinh 2nr,
sin((2n + 1) sin™'t) = (—=1)" cosh(2n + D,
(3.5)

have been used.

Using the method of Thorne (1953) channel
multipoles can be constructed. For the multipoles ¢,
corresponding to (3.3) we write

&y = Hy(Ar) cos nB + #f_oooo(A(t)eyll(z—d) n

e—iAxt

B(t)e YAz~ coshnt dt (3.6)

Y

where A(¢) and B(¢) are functions of 7 to be
determined such that the integral exists in some sense.
The channel multipoles satisfy the boundary conditions
of no flow through the channel walls at z = #b. Then
the unknown constants are obtained as
e 2VH 4 e2rv
A®) = 2 sinh 2yu

and
e 2Vh 4 p2vV

B(t) =—7/—F——"7—
© 2 sinh 2yu

where 0 = Ab and v = Ad. Thus, we obtain
&, = H,(Ar) cosné +

in—1 o ey/l(z—d)(e—2yu+e2yv)+e—yl(z—d)(e—Zyu+e—2yv)

i f_ .

2m

Y sinh 2ypu

x e~ #xtcoshnr dt. (3.7)

Using the integral representation (3.3) into (3.7), then

the equation (3.7) can be written as
b, = i"1 oo coshy(Aly—d|-2u)+coshyA(y+d)
=

T Y- Y sinh 2yu
x e~ ¥t coshnrt dt. (3.8)

In general, the integrals in equations (3.7) and (3.8)
have poles at the solution of 2ypu = +imm, where m is
a positive integer. The corresponding values of £ are %ty
where

tm=0 - (ma2u)2, m=0,1,2,..,. M 3.9)
tm = i((ma2u)2 - 1)/2, m=M+ 1
(3.10)

and M is the integer satisfying
Mr <27 < (M + 1)n (3.11)

The M +1 poles given by (3.9) lie on the real t-axis and
give rise to propagating waves as | x |—= oo. To obtain
only outgoing waves the integration path must run
beneath the poles on the positive real axis and above
the poles on the negative real axis. Applying the residue
theorem to evaluate the integral in (3.8) gives the
alternative representation

mm
ZA(Z -

—i n .
b, = %{edlxl i [cos

d)) + (—1)™cos (zl—: Alz +
d))] toleM*ltm coshnt,,), (3.12)

where
cosht,, =t, (3.13)

For,m =M+ 1, tm is imaginary and the corresponding
terms in the above summation decay exponentially as |
x |—= oo so that, for a given u, there are only a finite
number (= 1) of propagating modes. If v=1d=0 so that
the singular point is on the centre line of the channel.
Then only even values of m contribute to the summation
and all modes are symmetric in z.

Channel multipoles y,, corresponding to (3.4) can be
constructed as

Y, = H,(Ar) sinnd +
n-1 o
— 7 (G(®)er D 4

T

H(t)e YA

e~ iAxt

X sinh nt dt. (3.14)
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where G(¢) and H(¢) are unknown functions of ¢ to be
found such that the integrals exist in some sense. The
channel multipoles satisfy the boundary conditions of no
flow through the channel walls at z = +b. Then the
unknown constants are obtained as

i (e72VH — g21)

CO)=5—o5—
2 sinh2yu

and

i (e72VH — g=27V)

2 sinh 2yvu

Ad.

H(t) =-

where p = Abandv =
Thus, we obtain
Y, = H,(Ar) sinnf +

eYA(z—d) (e—zyu_eZVV)_e—yl(z—d) (e—zyp._e—ZVV)

iTL foo
2wV —®© y sinh 2yu
x e~ Mtginh nt dt.

(3.15)

The location of the poles and the choice of contour is
the same as for ¢,, above with the exception that there
are no longer poles at ¢+ = *1. The expressions
corresponding to (3.8) and (3.12) are

i" o0 sgn(z—d) sinhy(A|z—d|-2u)-sinh yA(z+d)

Yy, = _f

T Y —00

2 sinh 2yu

x e "M*tsinhnt dt (3.16)

and

Y, = G e | [[sin (’;—ZA(Z - d)) +

ui
(=)™ sin (?—:A(z + d))] toleM¥ltm sinh nt,,,
(3.17)

Ifv = Ad = 0 only the odd values of m contribute
to the summation and all the modes are antisymmetric

in z. In addition, if u < g then all t,,,, with m odd, are

pure imaginary and there is no radiation of energy to
infinity along the channel. These non-radiating
antisymmetric multipoles were used by Callan, Linton
and Evans (1991) and Mclver (1991) to construct trapped
wave solutions for a cylinder on the centre-line of a
channel.
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For the solution of the cylinder scattering problem it is
necessary to expand the multi- pole potentials in terms
of the polar coordinates r and 8. The identity

1 -
T = 3e L T™ ] (2) (3.18)

(Abramowitz and Stegun (1965)) is used where J,,, is
the Bessel function of first kind of order m. Substituting
the values Z = Arand T = —ie™* represents

e—i/lxtiy/l(z—d) -

Y €Em(—i)™ (coshmt cosm8 +
i sinh mt sinm#)J,, (Ar),

(3.19)

where €, is defined by the equation (2.9). Using (3.19)
into (3.7) and (3.15) resulting expressions become

¢n = Hy(Ar) cos n0 + Yoo _o(@pm cosmO +

Brm Sinm0) J, (Ar) (3.20)
where
Onm =
_min-1 o o—2YH
mCO T [ S XYY shmr cosh nt dt
T — y sinh 2yu
(3.21)
_ em(=D™i™ roo sinh2yv .
Brom = =" . S SnnzyR sinhmt cosh nt dt
(3.22)
and
Y, = H,(Ar) sinn + Yo _o(ap, cosmo +
bpm sinm@) J,,,(Ar) (3.23)
where
_ em(=)™i™ o0 sinh2yv .
A = — . p—-” coshmz sinh nt dt
(3.24)
s . bym =
_Mmintl oo e—2VH_
Em(ZDT g cosh2yv inh mt sinh nt dt
T =  ysinh2yu
(3.25)
Here, it can be seen that [5,,, = b, = 0 for all n.

The equations (3.20) and (3.23) are valid for 0 < r <
2(b — d). Inparticular, ifchoose D = 0 and € = 0, then
the ice-cover surface reduces to a free surface and the
channel multipoles exactly coincide with the channel
multipoles for the case of uniform finite depth water with
free surface (cf. Mclver and Bennet (1993)).
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IV. CONCLUSION

The problem of scattering of water waves by
axisymmetric bodies in a channel with uniform finite
depth water beneath the free surface is extended here
when the free surface is replaced by a thin ice-cover
modelled as a thin elastic plate. The channel multipole
potentials in a uniform finite depth channel with ice-cover
are constructed in a systematic manner. Also, appropriate
form of the channel multipoles can be made in the circum-
stances when the fluids are two-layer. In particular, When
the flexural rigidity and surface density of ice-cover are
taken to be zero, the ice-cover becomes a free-surface.
Then the results exactly coincide with the channel
multipoles for the case of uniform finite depth water with
free surface.
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